A continuous review (s, S) inventory system at a service facility with finite homogeneous sources of demands and retrial is analysed. The lifetime of each item is assumed to be exponential. Before items are delivered to the customers, some basic service on the item must be performed. It is known as a regular or main service. The service may get interrupted according to a Poisson process and it restarts after an exponentially distributed time. If the server is idle at the time of arrival of a customer and the inventory level is positive, then the service begins immediately. After the completion of regular service, a customer may either abandon the system forever or demand for a second service from the same server, which is multi-optional. If any arriving customer finds that the server is busy or inventory level is zero, he/she either enters into the orbit with probability p or balks (does not enter) with probability 1 − p. The stationary distribution of the number of customers in the system, server status and the inventory level is obtained by the matrix method. The Laplace-Stieltjes transform of the waiting time of the tagged customer is derived. Various system performance measures are derived and the total expected cost rate is computed under a suitable cost structure. A numerical illustration is given.
Introduction
In recent years, there has been a considerable interest in the stochastic inventory system in which an item demanded by the customer is not immediately delivered. This situation arises when the items in the inventory needs some time for preparation and hence it is considered as having positive service time. Sigman and Simchi-Levi [17] introduced the notion of inventory with positive service time. They assumed that the service time follows an arbitrary distribution and the customers arrive according to a Poisson process wherein the demand is for a single item per customer. Berman et al. [3] formulated an inventory model where both demand and service rates are assumed to be deterministic and constant. Later Berman and Kim [4] considered a service facility that provides service to customers using items of inventory with the assumption of Poisson arrival, exponential service times and zero lead times. Berman and Sapna [6] studied a finite capacity inventory model with Poisson arrival, arbitrarily distributed service times and zero lead times. Berman and Kim [5] analysed a queueing-inventory system for service facilities with unlimited waiting space for customers. Maike Schwarz et al. [16] have considered a M/M/1 queueing system with attached inventory. They assumed a Poisson demand, exponentially distributed lead times and lost sales for infinite and finite waiting rooms.
In all previously mentioned papers, the researchers analysed a queueing inventory model with a service facility and infinite number of sources. Nevertheless, in many real life situations, it is important to take into account the fact that the number of customers in the source decreases as the number of customers in the system increases. This leads to the study of the inventory model with a finite number of sources. In this paper, a single server queueing-inventory system with a finite number of sources is discussed. A continuous review perishable inventory model with finite population was first initiated by Sivakumar [18] . He assumed that the customers arriving at a stock-out period enter into the orbit and they retry after some random time. The lifetime of each item follows an exponential distribution. Following this, a number of papers on inventory models with a finite population have emerged. Multi-server retrial inventory system with a finite number of sources was studied by Yadavalli et al. [24] in which the customers arrive according to a quasi random process. The service times and the lead times were assumed to be exponential. Shophia Lawrence et al. [15] analysed a service facility with a finite population in which items in inventory are perishable and customer demand is satisfied only after performing some service on it. The service time and the lead time have a Phase type distribution. The lifetime of each item follows a negative exponential distribution.
Many researchers have studied retrial queueing systems with a finite and infinite number of sources extensively. Artalejo [1] , Falin & Artalejo [7] and Falin & Templeton [8] provide reviews on this queueing system. A numerical illustration of inventory systems with retrial was studied by Artalejo et al. [2] . The study of inventory models with server interruptions is a topic that has received considerable attention in the last decade. The inventory model with instantaneous replenishment is discussed by Krishnamoorthy et al. [12] wherein the service is subject to interruptions. Krishnamoorthy et al. [13] made an extensive study of an (s, S) inventory model with the assumption of Poisson arrival and exponential service time. According to a Poisson process the service may get interrupted and it restarts after an exponentially distributed time. Yadavalli et al. [22] analysed a finite source perishable inventory system with a service facility having two heterogeneous servers and repeated attempts. They assumed that the first server is perfectly reliable and the second server is subject to interruptions.
From the above papers, the customer will move away from the system after completion of regular or essential service. However, in day-to-day life, it does not always happen. In some queueing situations all arriving customers require the essential service, whereas a few of them may further demand the subsidiary service provided by the same server immediately after completion of the regular service. Several researchers have studied the concept of additional optional service with queues [11, 19, 20] . Jeganathan [9] investigated a continuous review perishable (s, S) inventory system with N optional services, in which some of the arriving customers asked for second optional service as soon as the completion of first essential service and the second service is multi-optional. He assumed that the customer arrivals follow a Poisson process. Yadavalli & Jeganathan [23] analysed a finite source perishable inventory system with second optional service and server interruptions. Recently, Jeganathan et al. [10] analysed a retrial queueing-inventory system with priority customers and second optional service.
A finite population Markovian inventory system with server interruptions, multi-optional service and repeated attempts is considered in this paper. The rest of the paper is organized as follows. A detailed description of the model is explained in §2. In §3, the mathematical solution of the model is carried out. The Laplace-Stieltjes transform of waiting time distribution for customers in the orbit is derived in §4. Some key system performance measures are obtained in §5, while §6 is dedicated to cost analysis and sensitivity investigation. Conclusions are given in the final section.
Model description
In this investigation, a finite source Markovian inventory system is considered with the following assumptions. Consider a single server perishable inventory system, where the primary arrivals are generated from N , 1 < N < ∞ homogeneous sources. The inventory is replenished according to (s, S) ordering policy. According to this, an order for Q(= S − s > s + 1) items are placed when the on-hand inventory level falls below s. The requirement S − s > s + 1 assures that after a replenishment, the inventory level will be greater than the reorder level. Otherwise it is impossible to place a reorder which leads to perpetual shortage. The positive lead-time of the replenishment is assumed to be negative exponential with the rate β(> 0). The lifetime of each commodity has a negative exponential distribution with the parameter γ(> 0). It is assumed that during service, the items in inventory cannot be perished.
The server can retain in three states, namely idle, busy and interruption. Likewise, each source can also be in three states, namely free, retrial and under service.
1. If a source is in free state at time t a primary customer can arrive during the interval (t, t + dt) with probability λdt + o(t). It is assumed that the waiting space is not available in front of the server. When the server is in idle state and the inventory level is positive then the demand is served immediately. Hence, the source moves into "under service" state and the server moves into "busy" state. 2. If the demand finds the inventory level zero or server busy or server is on interruption at the moment of their arrival, then they either abandon (with non-zero probability p) the area of service and join a pool of blocked customers called orbit or balk the system (with probability 1 − p).
In this paper, the classical retrial method is followed. More explicitly, the probability of a repeated attempt in an interval (t, t + dt) given that i customers are in the orbit attempt is iθ + o(dt). If the server is idle with positive inventory then it provides the first essential service (FES) to all arriving customers. The first essential service is also referred to as regular service or main service. It is assumed to be exponentially distributed with parameter µ 0 . As soon as the first essential service of each demand is completed, then with probability r k , 1 ≤ k ≤ J, a customer may opt to receive a second optional service (SOS) from J(J ≥ 1) kinds of different services (i.e., Type1, Type2,. . . , Type J), or else, with probability r 0 =1 − J k=1 r k the customer may opt to abandon the system and then the server becomes idle. The service time of the second optional service is assumed to be distributed exponentially with parameter µ k , k = 1, 2, . . . , J.
When the server provides the first essential service to a customer, the service may get interrupted according to a Poisson process of rate α 0 . In the second multi-optional service, the service may get interrupted with an exponential rate α k , 1 ≤ k ≤ J. It is assumed that while the server is under interruption, no further interruption can befall the server. The repair time of both service phases (first essential service and second multi-optional service) are assumed to be exponentially distributed with parameters η 0 and η k , 1 ≤ k ≤ J, respectively. Figure 1 shows a typical picture of the model. All random variables are independent of each other. 
Mathematical formulation of the model
Let l(t) and x(t) indicate the inventory level and the number of customers in the orbit at time t, l(t) ∈ {0, 1, 2, . . . , S} and x(t) ∈ {0, 1, 2, . . . , N }, and let y(t) denote the status of the server by The activities of the system can be expressed by a three-dimensional stochastic process {a(t) = (l(t), y(t), x(t)), t ≥ 0}, with the finite discrete state space E, where
Due to the assumptions of a Poisson arrival process, exponentially distributed service times, the replenishment process, the repair process and the interruption process {a(t), t ≥ 0} is a Homogeneous Continuous Time Markov Chain (HCTMC). Its limiting distribution is indicated by π(i 1 , i 2 , i 3 ):
In the sequel, I k refers to an identity matrix of order k, e refers to a column vector of appropriate dimension containing all ones, [A] ij denotes the entry at (i, j) th position of a matrix A, δ is the delta function defined by
The steady-state equation of {a(t) = (l(t), y(t), x(t)), t ≥ 0} satisfies the following balance equations.
To mark the steady-state equations in expressions of matrix form, states in E are rescheduled in the following lexicographical ordering:
and define the corresponding vectors
Then, Π (i 1 ) is the probability vector i 1 th inventory level with each one element, stating a particular mixture of the inventory level and status of the server and the number of customers in the orbit. Using the vectors Π (i 1 ) , i 1 ∈ V S 0 , the system of linear equations (3.1) − (3.5) can be written as follows:
is the unique key of the system
and the normalization condition
where
∈ E is the infinitesimal generator matrix of {a(t), t ≥ 0} can be expressed as follows:
] is a rectangular matrix of size (2J +1)N +1×(2J +3)N +1 and its elements are given by
The matrix A is a square matrix of size ((2J + 3)N + 1) and it can be expressed as
The matrices 
Finally, the matrices
0 represents all transitions within ≪ i 1 ≫ and C 0 is a square matrix of order (N (2J + 1)) + 1 and C i 1 , i 1 ∈ V S 1 are square matrices of order (N (2J + 3)) + 1 with the following elements, for
A recursive algorithm is now derived for the solutions of the steady-state equations (3.6) and (3.7). The steady state probability vector Π (i 1 ) , i 1 ∈ V S 0 can be determined from an algorithm given by the following steps.
Step 1. To obtain the value of Π Q , the following system of equations is described:
j−1 A = 0, and
Step 2. Next, the following values are computed by
Step 3. By Π (Q) and Ω i 1 , i 1 = 0, 1, . . . , S, get the value of Π (i 1 ) , i 1 = 0, 1, . . . , S. Explicitly,
Waiting time analysis of an orbital customer
In this section, the waiting time distribution of an orbital customer is discussed that is specified as the time between the arrival times of the customer and moment upon which he/she gets service. This continuous time random variable is symbolized as W . The objective is to calculate the probability distribution of W and to calculate n th order moments of W . If the arriving customer finds the system in state
, he/she gets the service immediately. Therefore, W = 0. The probability for the customer does not wait is denoted by P {W = 0} and is given by,
To obtain the distribution of W , some auxiliary variables are defined. Assume that the system is in the state (i 1 , i 2 , i 3 ), i 3 > 0 at an arbitrary time t. Let W * (y) = E[e −yW ] be the Laplace-Stieltjes transform of the unconditional waiting time and let W * (i 1 ,i 2 ,i 3 ) (y) = E[e −yW (i 1 ,i 2 ,i 3 ) ] be the Laplace-Stieltjes transform of the conditional waiting time. Thus,
To derive W * (i 1 ,i 2 ,i 3 ) , an auxiliary Markov chain is introduced on the state space
where { * } represents an absorbing state. The chain is on a state (i 1 , i 2 , i 3 ), a first-step argument is applied in the auxiliary chain to resolve W * (i 1 ,i 2 ,i 3 ) (y). Then (see [14] , Theorem 6.21) the functions W * (i 1 ,i 2 ,i 3 ) (y), (i 1 , i 2 , i 3 ) ∈ E * are the least non-negative solution to the system.
The system of linear equations can be utilized to obtain a recursive algorithm for calculating the moments for the waiting times. By differentiating the system of linear equations (4.2)-(4.5) a total of (n + 1) times and evaluating at y = 0, the following is obtained.
Using the linear equations (4.6)-(4.9), the unknowns E W (n+1)
∈ E can be determined in terms of one order less. Since E W (n) (i 1 ,i 2 ,i 3 ,) = 1, when n = 0. The moments can be obtained up to a required order in a recursive way. That is, for n ≥ 0,
which provides the n th moments of the unconditional waiting time in terms of conditional moments of the same order.
System performance measures
In this section, some measures of system performance are derived in the steady state. Using this, the total expected cost rate is calculated.
Average on-hand inventory level
Let η I denote the average on-hand inventory level in the steady state. Then
Mean reorder rate
Let η R denote the mean reorder rate in the steady state. A reorder is placed when the inventory level drops from s + 1 to s. This may occur in the following cases:
• The server completes the essential service of a customer,
• any one of the (s + 1) items fails when the server is idle,
• any one of the s items fails either when the server is busy with FES or when the server is on interruption during FES providing, • any one of the (s + 1) items fails either when the server is busy with Type k (1 ≤ k ≤ J) service or when server is on interruption during Type k service providing.
Hence,
Mean perishable rate
Let η P denote the mean perishable rate in the steady state. Then
Average number of customers in the orbit
Let η CO denote the average number of customers in the steady state. Then
Average number of customers lost to the system
Let η CL denote the average number of customers lost to the system in the steady state. Then
Effective interruption rate
Let η IN T R denote the effective interruption rate in the steady state. Then
Effective repair rate
Let η RI denote the effective repair rate in the steady state. Then
The overall retrial rate
Let η OR denote the overall rate of retrials in the steady state. Then
The successful retrial rate
Let η SR denote the successful retrial rate in the steady state. Then
The fraction of successful rate of retrial
Let η F R denote the fraction of successful retrial rate in the steady state. Then
5.11 The probability that the server and system are idle
Let η P SI denote the probability that server and system are idle is given by
5.12 The probability that the server is idle, but the system is not empty
Let η P SN I denote the probability that server is idle and system is not empty is given by
Probability that the server is busy (FES or SOS)
Let η P SB denote the probability that server is busy is given by
5.14 Probability that the server is under repair
Let η P OR denote the probability that server is under repair is given by
5.15
The effective rate at which arriving customers are lost on seeing an interrupted server
Let η P OR denote the effective rate at which arriving customers are lost on seeing an interrupted server is given by
5.16
The effective rate at which arriving customers are lost when finding the inventory level as zero Let η IL denote the effective rate at which arriving customers are lost when finding the inventory level as zero is given by
Cost analysis and sensitivity investigation
The expected total cost function per unit time is developed, wherein three decision variables S, s and N are considered. The objective is to find the optimum value of S, s and N , simultaneously so that the cost function is minimized. First, the following cost elements are defined: The expected total cost per unit time (expected total cost rate) in the steady state for this model is defined so that Using cost values c h , c s , c p , c w , c i , c r and c l and the concept of crew-service equipment by White et al. [21] , the total cost function T C(S, s, N, J) per unit time in the steady state for this model is given by
A sensitivity investigation is given by considering the following parameters and cost values: 1. The optimal cost increases, when c s , c h , c p , c l , c i , c r and c w increase. The optimal cost is more sensitive to c w than to c s , c h , c p , c i , c r and c l . 2. As c h increases, as expected, the optimal values s * and S * decrease monotonically. This is expected since the holding cost increases, low stock is maintained in the inventory. 3. When c l and c w increase, the optimal values s * and S * increase monotonically. This is because if the waiting cost and shortage cost of a customer increase then high inventory is maintained to reduce the number of waiting (lost) customers. 4. If the setup cost c s increases, it is a common decision that more stock has to be maintained to avoid frequent ordering. This fact is also observed in the model. 5. It is noted that, if c i and c r increase, the optimal values of s * and S * increase monotonically and when the perishable cost c p increases, s * and S * decrease monotonically. T C class 4 > T C class 1 > T C class 3 > T C class 2 > T C class 5 > T C class 7 > T C class 6 .
From Figure 11:
T C class 4 > T C class 1 > T C class 2 > T C class 3 > T C class 5 > T C class 7 > T C class 6 . Finally, the impact of the parameters λ, β, µ 0 , µ 1 , µ 2 , µ 3 , η 0 , η 1 , η 2 , η 3 , α 0 , α 1 , α 2 , α 3 and N on the expected number of customers in orbit η CO are studied. The following is observed from Figures 12-14. 1. If β, µ i and η i , i = 0, 1, 2, 3 increase, then the expected number of customers in the orbit η CO decreases. 2. When N and α i , i = 0, 1, 2, 3, increase, then η CO increases.
Conclusion
In this paper, a continuous review stochastic inventory system with J additional options for service, server interruptions, returning customers and finite populations were analyzed. The stationary distribution of the number of customers in the orbit and the inventory level is obtained by matrix method. Various system performance measures are derived and the long-run total expected cost rate is calculated and also the Laplace-Stieltjes transform of the waiting time of the orbiting customer is derived. By assuming a suitable cost structure on the inventory system, extensive numerical illustrations were presented to show the effect of change of values for constants on the total expected cost rate.
